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1 General Cookbook

General Set-up: The deterministic optimal control problem can be generally described with
following parts:

• Vector of state variable: xt ∈ X; vector of control variable: zt ∈ Z, and both are functions
of time t. Note the difference between choice and state variables is that state variables are
predetermined thus they are usually captured by law of motions, whereas choice variables are
optimally chosen in each period.

• Instantaneous pay-off function: h(xt, zt) : X × Z → R

• Discount rate: ρ > 0

The optimal control problem is then formed as:

max
zt,xt

∫ ∞
0

e−ρth(xt, zt)dt

s.t.
dxt
dt
≡ ẋt = g(xt, zt)

Where g(xt, zt) is a control function that describes the law of motion of state vector.

Formulation: 1. Present-value Hamiltonian (similar to its discrete time counter-part of La-
grangian):

H(xt, zt, λt) = e−ρth(xt, zt) + λtg(xt, zt)

Take first order conditions (FOC):

• Control variable: zt
Hz(xt, zt, λt) = 0

• State variable: xt
λ̇t = −Hx(xt, zt, λt)

• Law of motion:
ẋt = g(xt, zt)
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2. Current-value Hamiltonian (similar to its discrete time counter-part of Lagrangian):

Ĥ(xt, zt, µt) = h(xt, zt) + µtg(xt, zt)

Take first order conditions (FOC):

• Control variable: zt
Ĥz(xt, zt, µt) = 0

• State variable: xt
µ̇t = ρµt − Ĥx(xt, zt, µt)

• Law of motion:
ẋt = g(xt, zt)

For the infinite period problem to be well-defined, we need two boundary conditions:

(1). Initial condtion:
x0 = x̂0

(2). Transversality Condition (TVC):

lim
T→∞

e−ρTλTxT

or
lim
T→∞

µTxT

2 An example: Neoclassical Growth Model

Set-up:

• State variable: capital kt ∈ X; control variable: consumption ct ∈ Z, and both are functions
of time t.

• Instantaneous pay-off function: u(ct)

• Discount rate: ρ > 0

• Law of motion: k̇t = f(kt)− δkt − ct

Formulation of Present-Value Hamiltonian: The optimal control problem then can be formed
as:

max
ct,kt

∫ ∞
0

e−ρtu(ct)

s.t. k̇t = f(kt)− δkt − ct
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Form Hamiltonian:

H(k, c, λ) = e−ρtu(ct) + λt(f(kt)− δkt − ct)

FOC:
[ct] : e−ρtu′(ct) = λt (1)

[kt] : λ̇t = −λt(f ′(kt)− δ) = λt(δ − f ′(kt)) (2)

[λt] : k̇t = f(kt)− δkt − ct (3)

Euler Equation: To obtain the Euler Equation, take logs on both sides of equation (1) and take
derivatives w.r.t t get:

u′′(ct)

u′(ct)
ċt − ρ =

λ̇t
λt

Plug into (2) we get:
u′′(ct)

u′(ct)
ċt = ρ+ δ − f ′(kt) (4)

Formulation of Current-Value Hamiltonian:

Ĥ(k, c, µ) = u(ct) + µt(f(kt)− δkt − ct)

FOC:
[ct] : u′(ct) = µt (5)

[kt] : µ̇t = ρµt − µt(f ′(kt)− δ) = µt(ρ+ δ − f ′(kt)) (6)

[µt] : k̇t = f(kt)− δkt − ct (7)

Euler Equation: To obtain the Euler Equation, take logs on both sides of equation (5) and get:

u′′(ct)

u′(ct)
ċt =

µ̇t
µt

Plug into (2) we get:
u′′(ct)

u′(ct)
ċt = ρ+ δ − f ′(kt) (8)

From (6) and (2) we see the difference between current and present value Hamiltonian is defined
through following equation:

µ̇t
µt

= ρ+
λ̇t
λt
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2.1 A Detour: Comparison with Discrete Time Method

In this section I use the familiar discrete time set-up to shed some lights on its continuous
counter-part as we did before, the argument in this section is for purpose of illustration, thus I’m
skipping potential issues such as measurability etc.

Consider the discrete time set up of growth model, where ∆ > 0 is an extremely small increment
of time:

max
ct,kt+∆

∑
t

βtu(ct)

s.t.
kt+∆ − kt

∆
= f(kt)− δkt − ct

We can then form our Lagrangian as:

L =
∑
t

βt[u(ct) + µt((f(kt)− δkt − ct)∆− (kt+∆ − kt))]

Now we need to choose ct and kt+∆ for each ∆ > 0, FOC will be:

[ct] : u′(ct) = µt (9)

[kt+∆] : −βtµt + βt+∆µt+∆[f ′(kt+∆)∆ + 1− δ∆] = 0 (10)

[µt] :
kt+∆ − kt

∆
= f(kt)− δkt − ct (11)

Now rearrange (6) we get:

β∆(µt+∆ − µt) = µt(1− β∆)− β∆µt+∆∆(f ′(kt+∆)− δ)

⇒ µt+∆ − µt
∆

= µt
1− β∆

β∆∆
− β∆µt+∆(f ′(kt+∆)− δ)

Now let β = e−ρ as we have in continuous time, and take limit on both sides: ∆→ 0

LHS = lim
∆→0

µt+∆ − µt
∆

= µ̇t

lim
∆→0

1− β∆

β∆∆
= lim

∆→0

ρ

β∆ − ρ∆
= ρ

Where the second equality follows from L’Hospital Rule. Then we have:

µ̇t = µtρ− µt(f ′(kt)− δ)

Which is exactly the same as (2); and for (7), takes limit on both side gives equation (3).

And it’s also easy to show the general formulation of Hamiltonian is consistent with Lagrangian
following the similar rationale.
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